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Using L i e  s e r i e s  t h e  s o l u t i o n  of  t h e  equa t ion  d e s c r i b i n g  t h e  

heavy asymmetric gyroscope i s  p r e s e n t e d  i n  t h e  forms: 

A )  S o l u t i o n  = Solu t ion(heavy,  symmetric) + c o n t r i b u t i o n s  

from asymmetry. 

B )  S o l u t i o n  = S o l u t i o n  (symmetric,  f o r c e f r e e )  + c o n t r i b u t i o n s  

f r o m  asymmetry and f o r c e s .  

C )  S o l u t i o n  = Solu t ion  (asymmetric, f o r c e f r e e )  + 

c o n t r i b u t i o n s  from f o r c e s .  

The 1 - s t  term on t h e  r i g h t  s i d e  i s  p r e s e n t e d  i n  

g l o b a l  form and t h c  2-nd term, a n  i n t e g r a l  t e rm,  can be  

computed by i t e r a t i o n s .  

Which of  t h c  aforementioned r e p r c s m t a t i o n s  

is  m o s t  s u i t a b l e ,  depends on t h e  problem cons idcred .  
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1 .  I n t r o d u c t i o n  

We c o n s i d e r  an asymmetric gyroscope wi th  severa l  torque  pro- 

ducing f o r c e s .  A sp inning  s a t e l l i t e  i s  e s s e n t i a l l y  such a gyroscope; 

t h e  t o r q u e  may r e s u l t  i n  a change i n  s a t e l l i t e  o r i e n t a t i o n  t h a t  

a f f e c t s  t h e  thermal ba lance ,  t h e  o p e r a t i o n  of s o i a r  c e l l s  and v a r i o u s  

s c i e n t i f i c  measurements. 

By means of  an o p e r a t o r  we can r e p r e s e n t  t h e  s o l u t i o n  of t h e  

heavy asymmetric gyroscope such,  t h a t  t h e  c o n t r i b u t i o n s  of t h e  d i f f e -  

r e n t  t o r q u e s  a p p e a r  s e p a r a t e l y .  I n  o t h e r  words, u s i n g  a s p l i t t i n g  

up procedure of t h e  a f o r e m e n t i o n e d  o p e r a t o r  we can r e p r e s e n t  t h e  

s o l u t i o n  i n  t h e  form, e . g . :  

f o r c e f r e e  nb 
- t  

where i J g l o b a l  = A L e l  e i n d i c a t e s  t h a t  t h i s  f u n c t i o n  is  r e p r e s e n t e d  i n  

a g l o b a l  form. 

The t o r q u e s  Mi (i = 1 ,  2 ,  3 . . ..) appear ing  i n  t h e  i n t e g r a l  

terms u s u a l l y  d i f f e r  by t h e i r  o r d e r  of  magnitude. F o r  a g i v e n  degree  

of  accuracy ,  t h e r e f o r e ,  the number o f  summation terms a t o  be com- 

puted depends on t h e  i n t e g r a l  cons idered .  The a f o r e  mentioned s o l u -  

t i o n  r e p r e s e n t a t i o n  r e n d e r s  i t  p o s s i b l e  t o  compute t h e  s i n g l e  5nte-  

g r a l  terms as a c c u r a t e  as necessary  i r r e s p e c t i v e  of t h e  o t h e r  i n t e -  

g r a l  terms.  

E s p e c i a l l y  we s h a l l  p resent  t h e  s o l u t i o n  of  t h e  e q u a t i o n  

d e s c i b i n g  t h e  heavy asymmetric gyroscope i n  t h e  forms: 
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A )  S o l u t i o n  = S o l u t i o n  (heavy, symmetric) + c o n t r i b u t i o n s  from 

asymrne t r y  

The 1 - s t  term i s  Exact ly  known, i . e . ,  t h e r e  e x i s t s  a g l o b a l  s o l u -  

t i o n  r e p r e s e n t a t i o n .  The 2-nd te rm can be c a l c u l a t e d  by i t e r a t i o n s .  

B) S o l u t i o n  = S o l u t i o n  (symmetr ic ,  f o r c e f r e e )  + c o n t r i b u t i o n s  from 

asymmetry and f o r c e s .  

The 1 - s t  term is a g a i n  e x a c t l y  known. The 2-nd te rm can be s p l i t  

up i n t o  s e v e r a l  a d d i t i v e  i n t e g r a l  terms:  

a )  a te rm conta in ing  t h e  c o n t r i b u t i o n s  of  asymmetry; t h i s  te rm 

van i shes  i f  t h e  s a t e l l i t e  (gyroscope)  i s  symmetric. 

b )  a d d i t i v e  i n t e g r a l  terms con ta in ing  t h e  t o r q u e s  Mi ( i = 1 , 2 ,  ..) 

i . e ,  t h e s e  t E r m s  van i sh  i f  M = 0 i 

C )  S o l u t i o n  = S o l u t i o n  (asymmetr ic ,  f o r c e f r e s )  + c o n t r i b u t i o n s  from 

f o r c e s .  

Fo r  t h e  f i r s t  te rm a g l o b a l  s o l u t i o n  r e p r e s e n t a t i o n  e x i s t s  and 

t h e  second t e r n  can be computed by i t e r a t i o n s .  

The problem which of t h e  a f o r e m e n t i o n e d  s o l u t i o n  r e p r e s e n t a t i o n s  

i s  most s u i t a b l e ,  depends on t h e  problem cons idered .  Generally, 

one can s a y ,  t h a t  i t  i s  advantageous t o  put t h e  main c o n t r i b u t i o n  

of t h e  s o l u t i o n  i n  t h e  I - s t  t e rm and p e r t u r b a t i o n s  i n  t h e  remai- 

n ing  terms. 

2 .  S o l u t i o n  of t h e  equa t ion  d e s c r i b i n g  t h e  heavy asymmetric gyroscope 

Using a r e f e r e n c e  frame (f ,?,\) f i x e d  wi th  r e s p e c t  t o  t h e  body 
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t h e  equa t ion  of t h e  heavy asymmetric gymscope. reads 

M = I Cl. + ( I ~  - 1~):3 i2 3 3 3  "2" 1 

I a r e  t h e  moments of i n e r t i a ,  ill, q, where 11, 12, 

a r e  t h e  a n g u l a r  v e l o c i t i e s ,  ol, 02, q, a r e  the angular 
3 

3 
M2, M a c c e l e r a t i o n s  and M I ,  a re  the  t o r q u e s  i n  the r e f e r e n c e  3 

frame (1,2,3). I n  E q . ( l )  we have s u b s t i t u t e d  

1, 2, 3 

Using t h e  well-knonn r e l a t j - o n s  

a, fi = C s i n x s i n , ,  + J c o s  

7 = $cos r' + 

1 '  

,r12 = + c o s x s i n Y  - 
""3 

:There 9 ,  p~ , )i a r e  t h e  E u l e r i a n  a n g l e s  d e f i n e d  as fo l lows  

x '  a x i s  x' a x i s  

Y x a x i s  : T ; q  1 a x i s  :3/c 
xz xis 
q . 3  a x i s  

where x , y , z  a r e  t h e  a x i s  f i x e d  wi-ih r e s p e c t  t o  t h e  space ,  

x '  i n d i c a t e s  t h e  nodal  l i n e  o f  t h e  two p l a n e s  (xy)  and ( 1 2 ) .  

D i f f e r e n t i a t i n g  ?!. (i = 1 , 2 , 3 )  i n  Eq, (2) w i t h  r e s p e c t  
2- 1 

t o  t ( t ime)  and s u b s t i t u t i n g  t h e  3 6  q u a n t i t i e s  i n t o  Eq,(l) 

m e  o b t a i n  t h e  fo l lowing  equat ions  



- 4 -  

cos  7;. h = -  
I 3 s inxs in ' . , '  

-A c c o c  h =  17 1 s i n n  

MI 

I I 1  
s = - -  

b 

h31 = COS .., 5' 

cos  'A 
s i n  

h2* - - - 

24;) h33 = A3sin)(cos A '  ' s i n  ...' 

hg6 = - $ c o s j ( s i n r  

M 
s =--z 

3 3 1  
I 2  - I 1  :% = --- I 

3 

I 



1 ’  

I n s c r t i n g y f r o m  Eq.(4) into Eq.(3)  we obtain 

‘ . .  , , .*. . .> I. 

( 1’3) 

I n s e r t i n g  9 from Eq.(3)  i n t o  E;q.(4) one o b t a i n s  

where 

f l -  - h16h21 - 
- h l jh21  

.L22 - 

h2 1 - --I_ 
‘25 - 1 - h13h21 

.I 

, r  

S u b s t i t u t i n g  ‘p i n  Eq .  (5) by Eq. (12)  ne o b t a i n  
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q33 = h36 '37 = 'q16hj1 

3 '34 = "1Ih31 938 = -3 

Eqs.(12),(14), (16) r e a d s  

Dr\ 

q i j  = q i j ( % ' , y )  

S .  1 = si(v,q,X) 

5 i , j  = 1,2, ...... 
'r ; i = 1 , 2 , 3  

Eqs.(18), (19) ,  ( 2 0 )  can be w r i t t e n  i n  t h e  f o r m  

For  t h e  f o r c e f r e e ,  symmetric gyroscope,  1 .e .  , 3= 0 ,  

= 0 (i=1,2,3) ( s e e  Cqs. ( 7 ) ,  ( 9 ) ,  (11)  ) ,  Eq.(22) r e a d s  
,, 

'i 

l f f s  q = f  

There  f i f f s  ( i = l , 2 , 3 )  i n d i c a t e s  l o r c e f r e e ,  - symmetric - 



c 

i n d i c a t e s  the  f o r c e f r e e ,  - asymmetric - c a s e .  where f i f fa  - 

Eq.(22) can  be w r i t t e n  i n  t h e  form 

2,: 0, = 'p2 . 
' 9  z4: .u.2 - - f 2  

The s i g n  ' t : t t  i n d i c a t e s  t h a t  5 z,, e*ES* 

For domains, where f i  ( i = l , 2 , 3 )  a r e  holomorphic t h e  formal  

s o l u t i o n  o f  Eq. ( 2 6 )  reads /1/,/8/ ( s e e  appendix) :  

t D  
i '  Z . = e  z 

1 

A )  F k e p r e s e n t a t i .  of- t h e - ~ ~ l - u i _ i - o ~ = S _ - i - _ n _ ~ ~ ~ F o r n S  = Ssymetric, 

Con t r ibu t ions  from Asymmetry. heavy + 
S t a r t i n g  from Eq.(22) we o b t a i n  f o r  t h e  o p e r a t o r  D / I /  
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where f 

and  fish ( i = 1 , 2 , 3 )  i n d i c a t e s  t h e  symmetric,  - heavy - case .  

5be w r i t e  now t h e  o p e r a t o r  D i n  t h e  f o r m  

( i = 1 , 2 , 3 )  i n d i c a t e  t h e  c o n t r i b u t i o n  f r o m  asymmetry - i a  

2’ s D = D  + D  1 
a a + f  - a 

l aaz2  
- where 

+ f 2 ~ a ~  3aaa6 9 
D2 = f 

4 

and D is  def ined  by ( 2 9 ) .  The s o l u t i o n  Eq.(27) r e a d s  i n  
1 

t h i s  c a s e  

t D  t ( D 1 + D 2 )  z = e  tD1 z +  
i Z . = e  z = e  

1 i i 

i’ The s u b s c r i p t  a’ i n d i c a t e s  t h a t  a f t e r  app ly ing  D2D 

z das t o  be r e p l a c e d  by etD1z 

is t h e  o p e r a t o r  for t h e  symmetric heavy gyroscope 

on z 

I n  Eq.(31) t h e  o p e r a t o r  Dl 
i i‘ 

The s o l u t i o n  r e p r e s e n t a t  i o n  is reconmandable, i f  t h e  d e v i a t i o n s  

f r o m  t h e  symmetrc gyroscopr  a r e  small. I n  t h i s  ca se  on ly  few 

terms o f  t h e  sum i n  E q . ( 3 l )  have t o  be t a k e n  i n t o  account .  

F o r  t h e  e v a l u a t i o n  o f  t h c  i n t e g r a l  appea r ing  i n  Eq.(31) s u i t a b l e  

methods a r e  a l r e a d y  developed /6/ , /7/;  i n  t h e s e  works a l s u  

t h e  problem o f  e r r  e s t i m a t i o n  is  t r e a t e d .  

Moreover we w i l l  u s e  a n o t h e r  method for s o l v i n g  Eq. ( 1 )  

a s  proposed by GROEBNEEt /2/. Fo r  t h a t  we p u t  

12- - I 1  

I 3  
where is  a parameter .  

- s  
L ?  - 

Using t h i s  parameter  we o b t a i n  

and t h e  o p e r a t o r  D r e a d s  
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++ D = D1 -t D2 = D1 + z.D2 , where t h e  o p e r a t o r  D r eads  2 

where D 

r e s p e c t i v e l y .  With (27)  t h e  s o l u t i o n  r eads  

and D_ a r e  g iven  by Eq.(29) and  E q . ( j o ) ,  
1 L 

can be c a l c u l a t e d  by tD1 where g ( t , z . )  = e 

t h e  fo l lowing  r e c u r r e n c e  formula/2/ 

zi and g j+ ,  0 1 

A. 

0 z..-.+g 1 0  ( t -T ,z i )  

The s u b s c r i p t  ~ . + ~ ( t - - c , z ~ )  i n d i c a t e s  that  a f t e r  apply ing  

t h e  o p e r a t o r  D2 on g j ,  z 

The proof  of f ornula  (34)  and formula (35) i s  g i v e n  i n  t h e  

work by GROEBNER /2/. D1 i s  t h e  o p e r a t o r  f o r  t h e  heavy symmetric 

gyroscope f o r  Nhich a g loba l  r e p r e s e n t a t i o n  e x i s t s .  

S ince  t h e  q u a n t i t y  def ined  by Eq.  (33 )  i s  u s u a l l y  small 

t h e  f a c t o r  :,' ( j  = 1 , 2 , 3  ,...) i n f l u e n c e s  t h e  convergence 

i n  a f a v o r a b l e  way. 

1 

has t o  be  r e p l a c e d  by g ( t - T , z . ) .  i 0 1 
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a a + f  - a 
+ f 2 a ~  3aaz6 9 

I.- 
a a a 

+ 1 hF2- + f 2 h z i  + ‘ 3 h 5  + f l a d z 2  4 
(36) 

where f ih ( i = l , 2 , 3 )  i n d i c a t e  t h e  c o n t r i b u t i o n  o f  t h e  

e x t e r n a l  f o r c e  (heavy) ,  f isff and  fia ( i = l , 2 , 3 )  a r e  - 
exp la ined  above. h e  pu t  now 

D = D1 + D n h e r e  ha ’ 

( 3 7 )  
and D1 i s  de f ined  by Eq.(36) .  S o l u t i o n  (27 )  r e a d s  i n  o u r  

O J  b 

D is t h e  ope ra to r  f o r  t h e  symmetric f o r c e f r e e  gyroscope,  

i . e . ,  e z i s  t h e  s o l u t i o n  o f  t h e  symmetric f o r c e f r e e  

1 
tD1 

i 
gyros  cop e.  

Taking account  of t h e  d i f f e r e n t  t o r q u e  a c t i n g  

on t h e  gyroscope M Id2 and M i n  Eq. ( I )  r eads  
1’ 3 - 

= yild3i, v h e r e  i = 1 , 2 ,  .. .. . ( 5 9 )  5 M = ’ j  MI 5 M2 = ; 
L* ’ i  1 

i n d i c a t e s  t h e  d i f f e r e n t  t o r q u e s .  

Consider ing a s a t e l l i t e  c o n s i d e r a b l e  t o r q u e s  a r e ,  

e.g.:  The g r a v i t a t i o n a l  t o r q u e ,  t h e  drag  t o r q u e ,  t h e  t o r q u e  

caused  by r a d i a t i o n  a n d  t h e  magnetic t o r q u e s .  S p l i t t i n g  off  t h e  

opera.tor D = D + Dh, where 
ah a 
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a + f 2h>-z- a h lhaz*  4 ?ha26 
+ f  - a D = f  -- 

, 

(40) 

7- -. D again can be w r i t t e n  i n  t h e  form ; Dlh (1=1,2,3 *...) = h 

Dh,  where 1 

and f l l h  = s  21 q 2 5  ' f21h = '11'25 + '21'26; f31h = '11'37 + 

+ '31'38 (43) 
Eq.(38) has nom t h e  form 

The s u b s c r i p t  b' i n d i c a t e s ,  t h a t  a f t e r  apply ing  t h e  o ? e r a t o r ,  
t D .  

z has t o  be r e p l a c e d  by e 1 z The l a s t  i n t e g r a l  term i n  
i i' 

Eq.(44) vanishes  i f  Ivl 

s o l u t i o n  r e p r e s e n t a t i o n  Eq.(44) enables  us t o  e v a l u a t e  t h e  

( i = 1 , 2 , 3 )  i s  equal  t o  zero .  The i 

s i n g l e  i n t e g r a l  terms numcrical ly  independent ly  from t h e  o t h e r  

t crms . 

s = s  + C o n t r i b u t i o n s  From Forces  --- -- - --- --- - - - - --- 
I n  t h i s  c a s e  we w r i t e  t h e  o p e r a t o r  D i n  t h e  f o r m  

as ymmet r i c  , f o r  c ef r e e 

r e a d s  laff  + Dh, where t h e  o p e r a t o r  D l a f f  D = D  
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a a + f  - a 
3aazg 

The s o l u t i o n  ( 2 7 )  r e a d s  i n  t h i s  c a s c  

(45 1 

(46) 

i s  t h e  ope ra to r  f o r  t h c  asymmetric f o r c e f r e e  gyroscope D l a f f  

f o r  which a g loba l  s o l u t i o n  r e p r e s e n t a t  i o n  e x i s t s / 3 , 4 , 5 / .  

laff  z = Zil  and  s p l i t t i n g  o f f  t h e  o p e r a t o r  D P u t t i n g  e tDlaf f  
i 

i n  t h e  form D l a f f  = D l f f  + IF *, where D2 i s  d e f i n c d  by ( 3 3 )  

and D l f f  is de f ined  by Eq.(45),  we o b t a i n  t h e  s o l u t i o n  i n  t h e  

** .--- x 
tDlaf f  z = e  z =  '- J g . ( t , z . )  = (48) 

form 
t ( E l  f f +  ED, 1 

Zil  = e i i L'-L J 1 
j = o  

. - L x  

g o ( t , z i )  + 7 / ; r , g j ( t , z . )  j , where g i s  g i v e n  by t h e  r e l a t i o n  
L--. 1 0 

j = l  
A 

z 
0 

With Eq. (48) ,  Eq. (41 )  r e a d s  
t 

(49 )  
I . 

where D i s  t h e  o p e r a t o r  f o r  t h c  f o r c e f r e e  symmetric ( 5 0 )  
l f f  

gyrosc0p.e. 



If s e v e r a l  e x t e r n a l  f o r c e s  a r e  p r e s e n t  ne o b t a i n  i n  ana logy  

t o  Eq.(44) t h e  s o l u t i o n  Eq.(50) i n  t h e  form 

t 

This  r e p r e s e n t a t i o n  i s  advantageous i n s o f a r  as it c o n t a i n s  

s e v e r a l  a d d i t i v e  i n t e g r a l  terms, which can b e  computed s e p a r a t e l y .  

The number o f  summation t e r m s  a = o , I 7 2  9 . . .  depends on t h e  o r d c r  

h l  
of  magnitude of  t h e  t o r q u c  appae r ing  i n  t h e  o p e r a t o r s  D 

(1=1,2,. . . . . . ). For  t h e  numerical  e v a l u a t i o n  of  t h e  i n t c c r a l  

terms we r e f e r  t o  t h e  w o r k  by H.KNAPP / 6 , 7 / ,  where a l s o  t h e  

problem o f  e r r o r  e s t ima t ion  i s  t r e a t e d .  

Concerning t h e  s t a b i l i t y  of  €he  s o l u t i o n  

o f  Eq.(l) we r e f e r  t o  t h e  books  by K L E I N  3’. and A .  SOiQlIERFELD/4/ 

and by R.GfCllfd&IEL /5/, i n  which t h i s  problem i s  t r e a t e d  i n  d e t a i l .  

. 

. 
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APPENDIX 

- Lie  -- - - S e r  - c- i es  *--- IvIe t -- ho d _I- f o r  S o -- 1 v * i n g D i f f e r e n t i a l - ~ ~ ~ ~  ~ i o n s  

Although the  L i e  s e r i e s  method f o r  s o l v i n g  d i f f e r e n t i a l  

equa t ions  i s  a l r eady  pret3ented i n  s e v e r a l  p u b l i c a t i o n s  / l / ,  / 8 / ,  

e.g., me w i l l  r epea t  h e r e  t h e  es::ential p o i n t s  of t h i s  method. 

For p r o o f s  w e  r e f e r  t o  t h e  book 5y GROLBlWB / l / .  

An ord inary  d i f f c r e n t i a l  equat ion  of o r d e r  n g iven  by 

(A-1 ) z ( " ) ( t )  = f ( t ,  z ,  Z ' ,  Z " ,  ....... 
can  b e  w r i t t e n  i n  t h e  form 

z; = f l ( t , Z  1'  z29 * * * * ,  Z n >  

zn) 2; = f ( t , Z  1 Y  Z2' ' * * * ,  

Z '  = f ( t , Z 1 ,  Z*'  ...., zn)  

2 

.......................... 
n n 

Assuming t h e  func t ions  f . ( i = l , 2 , .  .... , n )  t o  be  a n a l y t i c  t h e  1 

formal  s o l u t i o n  o f  Eq.(A-2) r eads  

( A - 2 )  

( A - 3 )  
0 

(i=I , 2 , .  ... , n )  

The small l e t t e r  zi i n  ( A - 3 )  i n d i c a t e s ,  t h a t  a f t e r  app ly ing  

t h e  o p e r a t o r  D the  f u n c t i o n s  z ( i = 1 , 2  ....... n)  have t o  be i 

r e p l a c e d  by i n i t i a l  v a l u e s .  The o p e r a t o r  D is  de f ined  by t h e  

r e l a t i o n  .Ai 

(A-4 1 and i s  d e f i n e d  by T- a --- 
a z  ' i 

D = , a  ._ - 
i = o  i 

Eq. ( A - 6 ) ,  however, is  only  v a l i d  f o r  non-autonomous systems 

( A - 5 )  

5 

. 

. 
I . 
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i .e. ,  f o r  systems where t h e  f u n c t i o n s  f i { i = 1 , 2 ,  ...., n)  c o n t a i n  
q4 

t h e  l i n e a r  independent v a r i a b l e  t e x p l i c i t e l y ,  o the rwise  ,Jd=0. 

As an  example we m i l l  s o l v e  Eq. (26). T h i s  equat ion  

reads 

22 = f l  

z 3 =  '2 

z4 = f 2  

Z6 = f3 

The s o l u t i o n  r e a d s  
oc. 01 

I a !  
OL 

t D  
Zi = e zi = -sL ,, D = i 9  

0 

(A-7 1 

where t h e  o p e r a t o r  D is accord ing  t o  ( A - 4 )  and ( A - 5 )  g i v e n  by 

t h e  r e l a t i o n  

t 



APPENDIX I 

In t h e  book,  "The General Problem of t h e  Motion o f  ' 

Coupltd R ig id  Bodies About a F ixed  Po in t " ,by  E. Leimanis,  

S p r i n g e r  T r a c t s  i n  Natural Phi losophy,  Vol.7, 19659 p 133, 

t h e  E u l e r  Poisson  equa t ions  of  m o t i o n  a r e  s o l v e d  by L i e  S e r i e s .  

These equa t ions  r e a d  

( A I - 1  ) 

( A I - 2 )  

where I a r e  t h e  moments of i n e r t i a ,  f, a r e  t h e  a n g u l a r  

v e l o c i t i e s ,  1 , 2 , 3  i n d i c a t e  t h e  a x i s  f i x e d  N i t h  r e s p e c t  t o  t h e  

body, m is  t h e  mass of t h e  body, gm is t h e  weight  o f  t h e  body,  

r = (xo,yo,z  ) i n d i c a t e s  t h e  p o s i t i o n  o f  t h e  mass c e n t e r .  
-0 0 

( x , y , z )  denote t h e  r e f e r e n c e  frame f i x e d  w i t h  r e s p e c t  t o  t h e  

body, a, , a r e  t h e  d i r e c t i o n  cos ines  o f  a f i x e d  a x i s  ( 2  a x i s  

i "i 

o f  a s p a c e  f i x e d  r e f e r e n c e  frame, e .g . )  w i t h  r e s p e c t  t o  x , y , z .  

E. Leimanis r e p r e s e n t s  t h e  s o l u t i o n  o f  Eqs.(AI-1) and (AI-2) i n  t h e  

f o r m  Zi = etDz where Z1 =al ,  Z2 = L A  '3 Z = A 2  Z = a, 
i' 2'  3 3' 4 

2 = i ~  f? , Z6 = ir and t h e  L ie  o p e r a t o r  D r e a d s  5 ,  1 
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A s  shown i n  t h i s  paper  w e  have s o l v e d  t h e  Eu le r  equa t ion  con- 

t a i n i n g  not  on ly  a te rm f o r  t h e  g r a v i t a t i o n a l  t o r q u e ,  b u t  a l s o  

s e v e r a l  o t h e r  terms corresponding t o  o t h e r  t o rques  (drag  t o r q u e ,  

c e n t r i f u g a l  t o r q u e ,  e . t . c . ) .  Fur thermore las  f a r  as t h e  s o l u t i o n  

r e p r e s e n t a t i o n  i s  concerned exper ience  /6/ has  shown, t h a t  a r e p r e -  

s e n t a t i o n  as it  w a s  g iven  by E. Leimanis is  not recommendable 

f o r  numerical  computation. A rearrangergent of  t h e  s e r i e s  etDz i 

z + R ,  as it  vas by s p l i t t i n g  o f f  i n  t h e  fo rm e t (D1+D* 1 z = e  tD1 
i i 

done i n  t h i s  r e p o r t ,  i n f luences  t h e  numerical  e v a l u a t i o n  i n  a 

f a v o r a b l e  may, i f ,  e .g . ,  e tD1z > > R e  
i 

R e f e r r i n g  t o  t h e  s o l u t i o n  r e p r e s e n t a t i o n  p r e s e n t e d  

i n  t h i s  r e p o r t  (see Eqs. (31), ( 3 8 ) ,  (44), ( 4 7 ) )  we emphasize 

t h a t  t h e  numerical  u se fu lness  of  t h e s e  r e p r e s e n t a t i o n s  dcpenB on 

t h e  problem cons idered .The  e f f e c t i v e n e s s  o f  the a fmemen t ioned  

method depends h i g h l y  on the  s k i l l  t o  r e a r r a n g e  t h e  s e r i e s .  
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